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Abstract

The aim of this work is to investigate, how in the adopted model of hydrodynamic lubrication of a conical slide
bearing, the change of the heat flux value at the bearing shaft, affects bearing operating parameters. In this research,
the authors use, the known from the literature, Reynolds type equation, describing the stationary hydrodynamic
lubrication process of a conical slide bearing. The analytical, solutions, that determine the components of the
lubricating oil velocity vector and the equation (analytical solution of energy equation) determining the three-
dimensional temperature distribution in the lubrication gap, was also adopted from previous works. In order to obtain
numerical solutions, the Newton’s method was used, and the derivatives in the Reynolds type equation were
approximated by the finite differences. An application of the method of subsequent approximations allowed
considering the influence of temperature, pressure and shearing rate on the viscosity of lubricating oil.
The considerations were performed by adopting the Reynolds condition of the hydrodynamic oil film. It was tested,
how the assumed value of the heat flux on the bearing shaft surface affects the values of the obtained operating
parameters, i.e. the transverse and longitudinal component of the load carrying capacity, friction force and coefficient
of friction.
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1. Introduction

One of the designed operating parameters of the hydrodynamic slide bearing is the viscosity
of a lubricating oil. The viscosity of oils depends on the temperature, pressure and shear rate.
Neglecting the influence of other factors (e.g. adhesive forces, magnetic field, electric field, oil
aging), it can be written, that the viscosity of lubricating oil 7, = 7n,(7, p,y) (where: T —
temperature in [K], p — pressure in [Pa], 7 — shear rate in [s']).

In the hydrodynamic lubrication theory, using the equations of the momentum conservation
law and the stream continuity equation, along with the simplification for a thin lubricating layer of
the slide bearing (in particular, omitting changes in hydrodynamic pressure towards the height
of the lubrication gap), a Reynolds-type equation is derived [1, 5, 6] (in which, the viscosity value
occurs), which general analytical solution is unknown. However, it can be used in numerical
calculations to determine the hydrodynamic pressure distribution in the bearing lubrication gap.
By using the method of successive approximations, the calculations taking into account the effect
of pressure on viscosity, can be carried out. There are also known, the analytical solutions of the
simplified momentum equations, defining the components of oil velocity vector in a thin
lubricating layer [1, 5, 6]. By using these functions, the three-dimensional distribution of the shear
rate values in the lubrication gap, can be determined, and then its impact on the viscosity.
The determination of three-dimensional temperature distribution in the lubrication gap, and taking
into account its effect on viscosity, requires solving the equation of the energy conservation law. In
this article, the authors use a known analytical solution of a simplified energy equation for a thin
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lubricating layer of a stationary process of lubrication [1, 5, 6]. For the solution of this problem
and determination of the integration constants, two boundary conditions are required. In the
adopted analytical solution of the energy equation, it was assumed, that there is a known, constant
temperature at the surface of the shaft. The second boundary condition was that a (constant) heat
flux is known at the surface of the shaft. The value of the heat flux at the shaft surface adopted in
the simulations, influences the calculated temperature distribution in the lubrication gap, and
changes the viscosity of the lubricating oil. The aim of this work is to investigate, how in the
adopted model of hydrodynamic lubrication of a conical slide bearing, the change of the heat flux
value at the bearing shaft, affects bearing operating parameters.

2. Bearing model

In Fig. 1 is shown the geometry of the investigated slide conical bearing.
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Fig. 1. The geometry of concerned slide conical bearing — radial and axial cross-section

The bearing, with a full wrap angle, which operates in a steady state, was considered in this

research. The assumptions adopted in the research, are:

— the shaft rotation axis is parallel to the axis of the sleeve,

— the bearing surfaces are smooth, rigid and without deformations,

— the bearing sleeve is stationary and the hydrodynamic pressure is generated due to the rotation
of the bearing shaft with constant speed @ [rpm] (no vibrations, constant load),

— the flow of incompressible, non-Newtonian lubricant is laminar and non-isothermal,

— the pressure at the edges of the wedge is equal to the ambient pressure, where the end of the
lubricating wedge in the circumferential direction is determined by the Reynolds [1, 3, 5]
(Swift — Steiber) boundary condition:

DI <o, (1)
OPly-s

— at the bearing shaft and sleeve surfaces, the components of the velocity of the oil layer have the
same value as the surface to which they adhere,

— the temperature on the entire surface of the bearing shaft is constant; the temperature at the
surface of the sleeve is unknown, and a constant value of the heat flux g. [W/m?] is exchanged
between the surface of the shaft and the lubricating oil.

The determination of the hydrodynamic pressure distribution in the lubrication gap consisted in
the numerical solution of the dimensionless Reynolds type equation [1], which can be written

(in the adopted conical coordinate system) in the following form:
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where the following dimensionless values and functions have been introduced: ® = 1 + Lixicosy,
Li=LRy"', yi=ye&!, where 0<y;<h,, xi=xL"', where -1<x1<1, pi=ppo', where
po=UsnoRo w2, Up= wRo, no [Pas] is a characteristic value of viscosity; the relative radial
clearance w= &Ry '~10>. The dimensionless height of the lubrication gap hy1 = hps !, is
determined by the function [1, 5]:

By (@)= (1+ Acos ) (siny) ™, 3)

where the relative eccentricity 1 = 00"/ &. Re is the Reynolds number defined as: Re = &Uopomo ',
where oy [kg/m®] is a characteristic value of density.
The Eq. (2) also introduces the functions I'n(¢, y1,x1), Fa(@, y1,x1), Te( @, y1,x1), where:
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where 171 = 1,10}, while integrals of functions T'i(¢, y1,x1), T2(@, y1, x1), I'3(@, y1, x1) are:
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The last element in Eq. (2) describes the effect of inertial forces on the pressure distribution,
resulting from the variable diameter of the shaft, which disappears in the case of journal bearings.

The apparent viscosity 73, [Pa‘s] is a function of temperature, shear rate and pressure, hence
the dimensionless viscosity 71 [1] was modelled as the following product:

771(¢>y1:x1) = an((oaylaxl) 7717(¢’=)’1ax1) nlp(¢9x1) . (10)

The factor mir(@,y1,x1) in Eq. (10) describes the changes in dimensionless viscosity
depending on the dimensionless temperature 71 = (7 — To) To 'Br !, where T [K] is dimensional
temperature, 7o [K] is the reference temperature, while dimensionless Brinkman number [1, 2, 5]
Br=Us’noky 'To"!, where xo[W/(m'K)] is a characteristic value of thermal conductivity.

The following model of changes in dimensionless viscosity depending on temperature was adopted
[1,2,5]:

(@, 3,,%,) = exp(= 6, BrT,T;), (11)
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where or [K™!] is an experimentally determined parameter. The three-dimensional distributions of

the dimensionless temperature 71(¢, y1,x1) in the lubrication gap of the conical slide bearing, was
calculated in accordance with the following analytical solution of the energy equation [1, 6]:

T (@, y,x,) = _I{IA dyl}yl Cgs }/pl L Re? 14 J[IA dyl]dyl

1 0

1

20057/ qal 12
oK oL RCWI(IA dyl}dy1 +1, (12)

where the dimensionless thermal conductivity &, =k, and the dimensionless heat flux:

qd. =K %1 =0, (13)
'y
Furthermore, the following designations were introduced in the Eq. (12):
1opor, _aor,Y op, or, Y
Ay(@,31,%) = m[ " @—'"j +i;(ﬂ—dj, (14)
©dp oy, Oy ox; Oy,
) 2
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The factor 7,,(p, y,,x,) in Eq. (10) describes the effect of shear rate on dimensionless viscosity
of generalized non-Newtonian oil. The Cross model was adopted in this study, therefore:
(@, Y15 %0) = Mhzers [14 (ki 7)1 (17)

where 7izero [1] is the dimensionless viscosity for low shear rates y — 0 [1/s], while &, [s]

and n; [1] are experimental factors. The shear rate y(¢,y,,x,) was calculated according to the
relationship:

227,]7,, : (18)

lljl

7((0’.)/1")61) =

where y; [1/s] are the components of the strain tensor [1, 2, 5]: A, =L+ L', for which L =gradv .

The dimensionless velocity component vi=v,Us ' in the peripheral direction and the
dimensionless component v3 = v.L1Uy ! in the longitudinal direction was calculated in accordance
with the analytical solutions of momentum conservation equations [1, 6] (the transverse velocity
component v was omitted):

0
V(o yl,xo—ga%r ~o(T, - 1), (19)
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10 cos
v3((0,yl,xl)=—ﬂl—‘d—plLl Rey @yrc" (20)

O Ox,

The factor 7i,(¢,x1) in Eq. (10) determines the effect of pressure on the dimensionless
viscosity. Due to the simplifications adopted for the thin lubricating layer, the model omits
changes in pressure towards the height of the lubrication gap. It was assumed, that the viscosity
depends on the pressure according to the following relationship:

My (@, x1)=In(e+06,pop1), (21)

where e ~ 2.718 is the Euler’s number and &, [Pa'] is an experimental factor.

The coefficients for these models were determined by fitting the above functions to the
experimental data obtained for 2% ferro-oil, which is not affected by the magnetic field. These
results are presented in the work [2].The fitting of the curves described with these models was
made using the least squares approximation method and the Isqcurvefit package from the
MATLAB software. The determined values are Op: = orBrT = 3.4224 [1], Op = orpo =2.7097 [1],
Mzero=2.71 [1], k; =0.7129 [s] and n; = 0.1064 [1], for the reference values 7o = 363.0 [K] and
170 =0.0263 [Pa's]. It was assumed, that: po=950 [kg/m’], p1=1[1], & =0.15[W/(mK)],
x1 =1 [1] and the dimensionless constant temperature at bearing shaft surface 71, = 1.

The MATLAB software from MathWorks was used to write code for this simulation.
The iterative Newton's method [1, 4] has been implemented, in which the first and second
derivatives and mixed derivatives were approximated by finite differences. In the first step, the
initial pressure distribution was calculated (by omitting nonlinear part in Eq. (2) and by assuming,
that the dimensionless viscosity 771 =1 [1] for the Glimbel (half-Sommerfeld) condition [1, 3, 5],
i.e. ¢ = 180°). The Eq. (21) was then used to calculate the viscosity changes caused by pressure
changes. The determined pressure distribution was used to calculate the temperature distribution
using the Eq. (12), and then to determine its effect on viscosity, from Eq.(11) and (10).
Afterwards, using Eq. (19) and (20), the velocity components were calculated, which were then
used to determine the shear rate distribution using Eq. (18) and its effect on the viscosity, using
Eq. (17). Using the updated viscosity values, pressure corrections were calculated with the
Newton's method (solution of Eq. (2)), and a new pressure distribution was determined. This
procedure was repeated until the condition for convergence and residuum was reached, i.e. <107°.
Then it was checked if the Reynold’s condition was met. If not, then the ¢ value, of the angle
determining the end of the lubricating wedge, was increased by A¢y = 1°.

The obtained final pressure distribution was used to calculate the transverse Ci/[1] and
the longitudinal Ci;[1] dimensionless component of the bearing load carrying capacity, with the
following relations [1, 6]:

1 ok 2 1 ok 2
Cy —\/(IIp@cosgosin}/dgodxl +(J. Ip1®sin¢sinyd¢dx1] , (22)

-10 -10

1 ok 2 Lo ?
Cu, \/(J‘ IPI®COS¢COSyd¢dX1 "‘(IIPl@Sin(oCOS}/d(/)dxl] : (23)

-10 -10

The dimensionless friction force F71 [1] was calculated with the following equation [1]:

127 8v1 2 1 27 6V3
Fn = IIT]]@a—yl h d(pd)ﬁ + .[In]@@—yl
yi=hpt

-10 -1 0

dedx; J (24)

yi=hpi

and the coefficient of friction - [1] can be calculated as [1, 5, 6]:
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= Fri G2+ G2 (25)

The simulations were carried out for the bearing with L; = 0.5 [1], Ro = 0.025 [m], w=107[1],
y=60° and @ = 5000 [rpm], at relative eccentricities 4 = 0.1-0.9, for the dimensionless heat fluxes
at the bearing shaft surface g.1 =-1.0, 0.5, 0.0, 0.5, 1.0. The negative values of g1 indicate that
the heat is flowing away from the lubricating gap, and the positive values of g.1 mean, that the heat
is flowing into the lubricant.

3. Results and discussion

Table 1 shows the influence of the modelled heat flux at the bearing shaft surface, on the
generated value of the transverse component C; [1] of the dimensionless bearing load carrying
capacity. The reference values are the results for the case, when the dimensionless heat flux (at the
shaft surface) g.1 =0.0 [1]. In other cases (that is for the g.1 =—1.0, —0.5, 0.5, 1.0), the relative
changes in the transverse component of load carrying capacity, for various values of the heat flux
at the shaft surface, were calculated with accordance to the following formula:

SX =(X,—-X,)X,"100 %, (26)

where X is the reference value (for gc1 = 0.0 [1]) and X is the considered quantity.

Tab. 1. The influence of the heat flux at the bearing shaft on the transverse component of the load carrying capacity

A 5C,[%] Ci[1] 5C,[%]
ga=—10[11 | ga=-05[1] ger=0.0[1] ger=0.5[1] g =1.0[1]
0.1 3.4 25 0.012 2.5 5.0
0.2 2.7 23 0.026 23 5.0
0.3 2.8 2.1 0.043 2.6 5.1
0.4 2.7 2.1 0.067 2.5 4.9
0.5 2.7 2.0 0.103 2.5 5.1
0.6 2.8 2.1 0.164 2.5 5.1
0.7 2.8 2.1 0.285 2.6 5.2
0.8 3.0 23 0.599 2.7 55
0.9 33 2.6 2.134 3.1 6.3

When assuming in simulations, that the heat flux at the shaft surface is negative, reduction of
the transverse load carrying capacity component was obtained. For g.1 =—0.5[1], the relative decrease
was from 2.0 [%] at 1=0.5, to 2.6 [%] at A =0.9. For g1 =—1.0 [1], the relative decrease was from
2.6 [%] at A=0.4, to 3.3 [%] at 1 =0.9. In the calculations carried out for the cases, where heat
flows from the bearing shaft to the lubrication gap, the C; value increased. For g.1 =0.5 [1], they were
increments of 2.5-3.1 [%]. Increasing the heat flux to g.1 = 1.0 [1] caused more significant relative
changes than when increasing the value of heat flowing out from g1 =—-0.5 [1] to ge1 =—1.0 [1].
At g1 = 1.0 [1], the increments of transverse component of bearing load carrying capacity were
of 4.3-6.3 [%].

In Tab. 2 are presented the results for the longitudinal component C; [1] of the dimensionless
bearing load carrying capacity. The influence of the heat flux at the bearing shaft surface, on the
generated friction forces is presented in Tab. 3.

The heat flux at the bearing shaft surface g.1 does not have such a significant effect on friction
forces, in relation to the induced changes in load carrying capacities. The relative changes in
the friction force exceeded 1 [%] only for a few of the investigated cases and reached the highest
value of 1.9 [%] for gc1 = 1.0 [1], at A =0.9. How the value of g.1 affects the coefficient of friction
of the bearing, calculated with the Eq. (25), is shown in the Tab. 4.
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The presented results show, that the assumption of heat flowing away from the lubrication gap
causes the reduction of bearing load carrying capacities and friction forces, whereas when
simulations assume, that the heat flows from the surface of the shaft to the lubricating oil, it causes
an increase in the bearing load carrying capacities and friction forces. The relative changes are
greater for the load carrying capacities than for the friction forces, which in effect, causes
an increase in the value of the coefficient of friction for the negative g.1, and its decrease for the
positive g1, in relation to the gc1 = 0.0 [1].

Tab. 2. The influence of the heat flux at the bearing shaft on the longitudinal component of the load carrying capacity

A1] oCi[%] Ci[1] oCi[%]
ge1r=—-1.0[1] ge1 =—0.511] qe1=0.0[1] qe1=0.5[1] qe1=1.0[1]
0.1 -2.9 -2.9 0.007 2.4 4.3
0.2 2.7 -2.0 0.015 2.7 4.7
0.3 2.8 -2.0 0.025 2.4 4.8
0.4 -2.6 2.1 0.039 2.6 5.2
0.5 2.7 -2.0 0.059 2.5 5.1
0.6 -2.9 2.1 0.095 2.4 5.1
0.7 -2.9 2.1 0.164 2.6 52
0.8 -3.0 -23 0.346 2.7 5.5
0.9 -33 2.6 1.232 3.1 6.3
Tab. 3. The influence of the heat flux at the bearing shaft surface on the friction force
A1 oF[%] Fi[1] oF:[%]
ga=-1.0[1] g =-0.5[1] g1 =0.0[1] qe1=0.5[1] qe1=1.0[1]
0.1 -0.5 -0.4 7.0 0.4 0.9
0.2 -0.5 -0.4 7.0 0.5 0.9
0.3 -0.5 -0.4 7.1 0.5 1.0
0.4 —0.6 —0.5 7.2 0.5 1.0
0.5 —0.6 —0.5 7.5 0.5 1.0
0.6 —0.6 —0.5 7.9 0.5 1.1
0.7 —0.7 —0.5 8.6 0.6 1.2
0.8 -0.8 —-0.6 9.8 0.7 1.4
0.9 -1.1 -0.9 13.1 1.0 1.9
Tab. 4. The influence of the heat flux at the bearing shaft surface on the coefficient of friction
A1 S [7o] pi(1] O [%0]
ga=-1.0[1] g =-0.5[1] qe1=0.0[1] qe1=0.5[1] g =1.0[1]
0.1 2.4 1.8 507 2.1 -39
0.2 2.3 1.7 235 -2.0 -3.9
0.3 2.3 1.7 142 -1.9 -3.8
0.4 2.3 1.7 94 -1.9 -3.8
0.5 2.2 1.6 63 -1.9 -3.8
0.6 2.2 1.6 42 -1.9 -3.8
0.7 2.2 1.6 26 -1.9 -3.8
0.8 2.2 1.7 14 -2.0 -39
0.9 2.2 1.7 5 2.1 —4.1
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The changes in the calculated values of operating parameters result directly from changes
in viscosity values due to the temperature distribution depending on the heat flux g.i1. The
simulations, in which g.1 was positive, i.e. in which heat was supplied to the lubricating oil from
the shaft surface, in a non-intuitive manner, resulted in a reduction of the average oil
dimensionless temperature in the lubrication gap, as shown in Fig. 2a. The heat transfer from the
lubricating oil to the surface of the shaft, caused that the average dimensionless temperature in the
lubrication gap was higher than in the case when the heat flux g.1 = 0.0.

a) The average oil temperature in the lubrication gap b) The average oil temperature at the bearing sleeve
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relative eccentricity A [1] relative eccentricity A [1]

Fig. 2. The average oil temperature in the bearing lubrication gap, for the investigated values of heat flux
exchanged with the shaft surface, at the relative eccentricities A = 0.1-0.9

The considered case of stationary lubrication is characterized by constancy of all parameters
with respect to time; therefore, the total heat supplied on the surface of the shaft and generated as
a result of dissipation inside the lubricating oil, must be equal to the value of heat flowing out of
the lubrication gap. In the adopted model, this can only take place at the bearing sleeve. The more
heat comes from the shaft surface, the more of heat must flow to the sleeve surface. Assuming
a stationary process, a constant value of the thermal conduction coefficient of the oil and
a constant distribution of the lubrication gap height, the only parameter influencing the modelled
constant heat flux is the oil-calculated temperature. In particular, the average temperature of the oil
layer at the bearing sleeve is shown in Fig. 2b.

In the case when the value of the heat flowing from the lubricating oil to the surface of the
shaft is greater than the heat generated as a result of dissipation, then for the assumed model, the
heat must flow from the surface of the sleeve. This will happen, if the temperature at the sleeve
surface is higher than the constant temperature at the shaft surface, hence the average values
of dimensionless temperatures in the lubrication gap and at the sleeve surface are greater than 1.

4. Conclusions

1. The adopted hydrodynamic lubrication model can be used for stationary lubrication of the
conical slide bearings, when a constant temperature and heat flux at bearing shaft surface
are known.

2. Assuming that the heat flows into the oil gap from the bearing shaft, cause an increase in the
calculated values of load carrying capacities and friction forces, while reduces the coefficient
of friction, because the average temperature of the oil in the lubrication gap decreases, which
increases the viscosity; the reverse situation arises, when the heat flows out of the lubrication
gap to the surface of the bearing shatft.

3. Increasing the amount of heat flowing from the lubricating gap to the shaft, from g.1 =—-0.5[1]
to g1 =—1.0 [1], was not as significant as the case, when the amount of heat flowing into the
oil from the shaft was increased from gc1 = 0.5 [1] to gc1 = 1.0 [1].
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4. The use of analytical solutions of simplified equations of momentum and energy causes, that in
simulations, there is no need numerically solve systems of equations, in order to determine the
components of velocity vector and temperature values.
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