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Abstract 

The article presents a mathematical model of a permanent magnet motor, powered by a three-phase source of 
sinusoidal voltage, and a control method. Cooperation between numerical integration algorithms in the differential 
equation system of the motor and an inverter has been verified. The results of numerical simulations are presented in 
a graphic form. This article is an extension of the publication [12], in which a model of a drive system was proposed, 
consisting of: a battery, a supercapacitor and a method of controlling these energy sources during a driving cycle of a 
vehicle. For vector control, the mathematical model of a synchronous machine in the dq coordinate system is the most 
common one. The most important feature of this control method is the fact that the iq component of the rotor current 
vector determines the value of motor torque, and the component id – the value of magnetic flux. In the article, the 
emphasis is put on how inverters work. Their basic task is to generate such currents iabc or voltages uabc to obtain 
torque without ripples. It leads to development of different control concepts for achieving this goal, which are related 
to the modelling of magnetic fluxes in a stator and in an inverter. 
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1. Inverter model 
 

The motor should be powered by phase current changing in relation to the angle θe, in order to 
reduce electromagnetic torque ripples. An exemplary design of the motor and ideal production of 
sinusoidal current (iabc) or voltage (uabc) by the inverter should result in torque without any ripples. 
In practice, however, there are some torque ripples and vibrations. Generally, modelling and 
controlling with high accuracy cannot suppress ripples, which forces the development of various 
control concepts. 

In the case of powering from the grid through a diode rectifier, the capacitor CF is charged in 
the DC circuit, Fig. 1, connecting the rectifier with the transistor converter. The larger the capacity 
of the capacitor, the smaller the changeability of the DC voltage, but the higher costs and the 
bigger size of the capacitor, as well as the greater unfavourable influence of the rectifier currents 
on the external network, exceeding the level allowed by the standards. The induction coil LF 
suppresses the peak current [11].  

Typical configurations of PWM converter consist of three half-bridges, one for each phase, 
Fig. 1. The inverter transforms DC busbar voltage into multiphase AC voltage with expected 
frequency. The course of phase voltage is depicted in Fig. 2e. 

In order to obtain three-phase output voltage with PWM, the triangular voltage signal ut is 
compared with three sinusoidal controlling signals ua, ub and uc with assumed frequency and 
moved by 120º, Fig. 2a [11]. For example, when ua is higher than ut then S1 is closed and S4 is 
open, Fig. 1. When the voltage ua is lower than ut, S4 is closed and S1 is open. The ultimate course 
of phase voltage uaN is shown in Fig. 2b. In a similar way, the phase voltages ubN and ucN are 
described by comparing the voltages ub and uc with the voltage ut for the switches S3, S6 and S5, 
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S2. The obtained voltages ubN and ucN are moved by 120º and 240º, Fig. 2c and Fig. 2d. The 
voltages uaN, ubN and ucN are measured with respect to the negative DC busbar. 

The value of voltage uab is determined by subtracting the voltage ubN from the voltage uaN. 
The courses of momentary voltages and rms are depicted in Fig. 2e. 
 

 
Fig. 1. Power converter with a three-phase hard switch [11]  

 

 
Fig. 2. Courses of voltages in a three-phase inverter [11] 
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During basic work of inverters, each switch is closed for 180º and open for the other 180º, 
cyclically. Moreover, S3 is closed 120º after closing S1, S5 is closed 120º after closing S3, S4 – 
120º after S2, S6 – 120o after S4, S2 – 120º after S6, Fig. 3. The result is a combination of three 
keys closed simultaneously after each 60º. 
 

 
Fig. 3. Scheme of switching in six-step three-phase inverters [11] 

 
In a time interval between 0 and 60º, when switches S5, S6 and S1 are closed, the phase a and 

the parallel phase c are connected in a serial way to the phase b, which is connected to the power 
source through S6. At a voltage jump, e.g. uaN = ucN = Vd, we receive ubN = 0, uab = Vd, ubc = -Vd, 
uca = 0. Because the phases a and c are parallel, the apparent impedance with respect to the motor 
star point (N point) is half-lower. Therefore, a voltage drop in a phase is always 1/3Vd or 2/3Vd, 
depending on the connection between the phases a, b and c: series or parallel [11]. 

For current converters, Fig. 4, the concept of action changes. The inverter is powered from 
a direct current source. The task of the high inductance L in DC is to minimalize the current 
pulsation. In each moment, there are only two thyristors working – one is connected to the positive 
circuit and the other is connected to the negative circuit. Current is switched in sequences to one 
of the three-phase motor phases through “the upper half of the inverter”. It comes back from 
a different phase through “the lower half of the inverter” to the direct current link. There is 
a permanent voltage drop in the stator winding depending on the resistance of the winding. 
 

 
Fig. 4. Converter with a current source and thyristors [11] 
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A common practise in controlling inverters is using the mathematical transformation α,β,0, 
known as Clarke transformation, because it simplifies the analysis of three-phase circuits and 
allows generating a signal used to control the modulation of spatial vectors in inverters of three-
phase drives. In the transformation, it is justifiable to use [7]: 
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Similar formulas apply to currents. The voltages uα, uβ  and the currents iα, iβ  are orthogonal 
components of the spatial vectors of voltage U and current I, which are the same for the motor and 
the inverter, Fig. 5. The three-phase connection is the cause why the zero-current component io, as 
an arithmetic mean of phase currents, is always 0, and zero-voltage components uo do not affect 
phase-to-phase voltages. Considering this, the foregoing formulas are used to describe the phase-
to-phase voltages uab and ubc as follows: 
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a) 

 

b) 

 
Fig. 5. Diagram of an exemplary three-phase bridge converter and a graph of spatial voltage vector [7] 

 
There are many modulation methods for three-phase converters, which are based on selecting 

the sequence of vectors U(k) as a function of the angle θe and calculating the duration of each 
state. One of the methods is presented below. 

A model of an inverter with the structure as in Fig. 6 is described by formulas [3]: 
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where: 
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Fig. 6. Three-phase bridge connected inverter [3] 
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r – DC voltage regulation coefficient, which equals the ratio of the expected voltage amplitude to 
the DC, input (power supply) voltage, 

m – modulation coefficient; when it is high enough, the difference between real and discrete 
values is irrelevant, 

Ue – DC inverter input voltage. 
The output voltage from the inverter for the first phase can be mathematically expressed as 

a Fourier series: 
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Similarly: 
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and phase-to-phase voltages: 
 𝑢𝑢12 = 𝑢𝑢01 − 𝑢𝑢02 = 𝑈𝑈𝑒𝑒 ∑ ∑ (𝑐𝑐01𝑛𝑛 − 𝑐𝑐02𝑛𝑛)𝑒𝑒𝑗𝑗𝑗𝑗θ𝑒𝑒𝑚𝑚
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Taking into account the Clarke transformation: 
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The above transformations can be used to build control systems as in Fig. 7 and 8. In both 
cases, the motor model in the coordinates dq and PI controllers in the id and iq current circuits were 
used. They differ in the way of determining the values of currents and adequate voltages. 
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Fig. 7. Schematic diagram of the motor control algorithm according to [4] 
 

 
Fig. 8. Block diagram of the control algorithm, according to [9] 

 
The following symbols have been introduced in the diagram above:  

 
𝑢𝑢𝑑𝑑𝑑𝑑 = 𝑅𝑅𝑠𝑠𝑖𝑖𝑑𝑑 − 𝐿𝐿𝑞𝑞𝑝𝑝𝜔𝜔𝑠𝑠𝑖𝑖𝑞𝑞 + 𝐿𝐿𝑑𝑑

d𝑖𝑖𝑑𝑑
d𝑡𝑡

= 𝐾𝐾𝑑𝑑 + 𝐿𝐿𝑑𝑑
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d𝑡𝑡

 
(15) 

As shown in Fig. 7, the transformation of signals in two directions is used in the control 
system:  
– in the direction dq→ abc: 

 �
𝑢𝑢𝑎𝑎
𝑢𝑢𝑏𝑏
𝑢𝑢𝑐𝑐
� = �2

3
 

⎣
⎢
⎢
⎡      cos(𝜃𝜃𝑒𝑒)           −sin(𝜃𝜃𝑒𝑒)

cos �𝜃𝜃𝑒𝑒 + 4𝑘𝑘
3
�   −sin �𝜃𝜃𝑒𝑒 + 4𝑘𝑘

3
�

cos �𝜃𝜃𝑒𝑒 + 2𝑘𝑘
3
�    −sin �𝜃𝜃𝑒𝑒 + 2𝑘𝑘

3
�⎦
⎥
⎥
⎤
�
𝑢𝑢𝑑𝑑
𝑢𝑢𝑞𝑞�, (16) 

– and in the reverse direction abc→ dq: 
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PI controllers (Fig. 7) directly affect the changes of fluxes connected with the inductances 
in the q-axis and the d-axis. 
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In the algorithm shown in Fig. 8, the signal ωref given by the driver and the actual velocity ωs 
differ from each other. This error, after passing the PI controller, is the set value of current iq-ref for 
the adder in the d-axis. There are limiters at the output of the id and iq current controllers. The 
voltages, which were predetermined in the dq system, are transformed into a system of stationary 
coordinates a, b, c after passing the controllers and the limiters. The measured instantaneous angle 
θm, converted into the electrical angle θe, was taken into account while determining the voltages in 
the dq system. 

Comparing the algorithms presented in Fig. 7 and 8, one can notice their high compatibility in 
the structure. 
 
2. Sample results 
 

A sample model of a motor with an inverter is shown in Fig. 9. Two regulation loops are 
proposed here: we can regulate either the angular velocity of the motor shaft (vehicle velocity) or 
the torque, but the id and iq current loops or the ia,b,c phase current loops are also possible. 
 

 

Fig. 9. Model of a motor with an inverter 
 

The model and the waveforms ia,b,c, shown in Fig. 10 and 11, are the result of mathematical 
relations previously discussed. The amplitude values of phase currents correspond to the torque at 
the motor shaft. The initial period of 2 seconds is shown in Fig. 11 to analyse the phase shift. 

Figures 12 and 13 depict PWM signals determined according to the diagram shown in Fig. 2. 
Examples of determining operating states of switches in a three-phase inverter according to the 

scheme from Fig. 5 are shown in Fig. 14 and 15. The presented control signals are only special 
cases of vector modulation, indicating what tasks, resulting from the above formulas and 
descriptions, must be done by the software (“overlay”) of commercial inverters. 

An overview of modulation methods can be found in the extensive literature on converters. 
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Fig. 10. Inverter model – determination of phase currents and stator flux linkages 
 

 

Fig. 11. Phase currents ia,b,c 
 

 

Fig. 12. Inverter model – determination of PWM signals for phase currents and stator flux linkages 
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Fig. 13. Inverter model – determination of spatial current 
 

  
 

 

   

Fig. 14. Inverter model – determination of operating states (qik) of switches for spatial current 
 
3. Conclusions 
 

The presented relations describing motor and inverter models allow development of control 
algorithms for electric drives in various configurations, even at the stage of theoretical conside-
rations. It is obvious that the algorithm should take into account also the system of protection 
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against overloads, e.g. electrical and temperature overloads that may occur in the electrical system. 
Many of these elements already exist in the default software of inverters and hence the “insight” in 
the algorithm of the inverter is necessary for proper configuration of the so-called “overlay”. 
 

 

  
 

  

Fig. 15. Inverter model – determination of the operating state qic of switches for the phase current ic 

 
For vector control, the mathematical model of a synchronous machine in the dq coordinate 

system is the most common one. The most important feature of this control method is the fact that 
the iq component of the rotor current vector determines the value of motor torque, and the 
component id – the value of magnetic flux. 

In reality, there is a magnetic asymmetry and, if it is to be taken into consideration, it requires 
a more elaborate trapezoidal model in phase coordinates, in which the flux from permanent 
magnets generates trapezoidal courses with a coupling (EMF). In this case, a mathematical 
description in natural coordinates is used. 

In the article, the emphasis is put on how inverters work. Their basic task is to generate such 
currents iabc or voltages uabc to obtain torque without ripples. It leads to development of different 
control concepts for achieving this goal, which are related to the modelling of magnetic fluxes in 
a stator and in an inverter. 
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